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Imposed displacement and applied force
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imposed displacement
FE model – 3 bar elements:

𝑥

1

3
𝑙

1

3
𝑙

1

3
𝑙

3𝐴 2𝐴 𝐴

𝐸

1 2 3 4

𝑢1= 0 𝑢2 𝑢3 𝑢4= 

𝑙1 𝑙2 𝑙3

𝑅1 𝑅4
FBD:

𝑞 = 𝑢1, 𝑢2, 𝑢3, 𝑢4
1 × 4

(𝑅1+ 𝑅4= 0)𝐹 = 𝑅1, 0,0, 𝑅4
1 × 4

FE model of a bar with imposed displacement
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𝑘 𝑒= 
𝐸𝐴𝑒

𝑙𝑒

1 −1
−1 12 × 2

stiffness matrices:

𝑘 1= 
𝐸·3𝐴
1

3
𝑙

1 −1
−1 1

= 
𝐸𝐴

𝑙

9 −9
−9 92 × 2

𝑘 2= 
𝐸·2𝐴
1

3
𝑙

1 −1
−1 1

= 
𝐸𝐴

𝑙

6 −6
−6 62 × 2

𝑘 3= 
𝐸𝐴
1

3
𝑙

1 −1
−1 1

= 
𝐸𝐴

𝑙

3 −3
−3 32 × 2

𝑘 1
∗ =

𝐸𝐴

𝑙

9
−9
0
0

−9
9
0
0

0
0
0
0

0
0
0
0

;
4 × 4

𝑘 2
∗ =

𝐸𝐴

𝑙

0
0
0
0

0
6
−6
0

0
−6
6
0

0
0
0
0

4 × 4

𝑘 3
∗ =

𝐸𝐴

𝑙

0
0
0
0

0
0
0
0

0
0
3
−3

0
0
−3
3

→ 𝐾 = σ𝑒=1
3 𝑘 𝑒

∗ =
𝐸𝐴

𝑙

9
−9
0
0

−9
15
−6
0

0
−6
9
−3

0
0
−3
3

4 × 4 4 × 4

FE model of a bar with imposed displacement
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set of equations: 𝐾 ∙ 𝑞 = 𝐹
4 × 4 4 × 1 4 × 1

𝐾 ∙

𝑢1
𝑢2
𝑢3
𝑢4

= 𝐾 ∙

𝑢1
𝑢2
𝑢3
0

+

0
0
0


= 𝐾

𝑢1
𝑢2
𝑢3
0

+ 𝐾

0
0
0


= 𝐹
4 × 4 4 × 4 4 × 4 4 × 4                                4 × 1        

𝐾

𝑢1
𝑢2
𝑢3
0

= 𝐹 − 𝐾

0
0
0


= 𝐹 −
𝐸𝐴

𝑙

9
−9
0
0

−9
15
−6
0

0
−6
9
−3

0
0
−3
3

0
0
0


=
4 × 4 4 × 1 4 × 1

=

𝑅1
0
0
𝑅4

−
𝐸𝐴

𝑙

0
0

−3
3

=

𝑅1
0

3𝐸𝐴

𝑙


𝑅4 −
3𝐸𝐴

𝑙


→ 𝐾

𝑢1
𝑢2
𝑢3
0

=

𝑅1
0

3𝐸𝐴

𝑙


𝑅4 −
3𝐸𝐴

𝑙


4 × 4

FE model of a bar with imposed displacement
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boundary conditions: 𝑢1= 0

𝐸𝐴

𝑙

9
−9
0
0

−9
15
−6
0

0
−6
9
−3

0
0
−3
3

0
𝑢2
𝑢3
0

=

𝑅1
0

3𝐸𝐴

𝑙


𝑅4 −
3𝐸𝐴

𝑙


𝑢2 , 𝑢3 - unknown nodal parameters

𝐸𝐴

𝑙

15 −6
−6 9

𝑢2
𝑢3

=
0

3𝐸𝐴

𝑙


15 −6
−6 9

𝑢2
𝑢3

=
0
3

det
15 −6
−6 9

= 15 ∙ 9 − −6 −6 = 99 ;
15 −6
−6 9

𝐶𝑇

=
9 6
6 15

FE model of a bar with imposed displacement
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displacements:
𝑢2
𝑢3

=
1

99

9 6
6 15

0
3

𝑢2 =
1

99
(9 ∙ 0 + 6 ∙ 3) =

18
99

=
2
11

𝑢3 =
1

99
(6 ∙ 0 + 15 ∙ 3) =

45
99

=
5
11

𝑁1 𝜉 = 1 −
𝜉

𝑙𝑒
= 1 −

3𝜉

𝑙
; 𝑁2 𝜉 =

𝜉

𝑙𝑒
=

3𝜉

𝑙

𝑢 𝜉 = 𝑁1, 𝑁2

𝑞1
𝑞2 𝑒

→ 𝜀𝑥 =
𝑑𝑢

𝑑𝜉
=

𝑑𝑁1

𝑑𝜉
,
𝑑𝑁2

𝑑𝜉

𝑞1
𝑞2 𝑒

= −
3

𝑙
,
3

𝑙

𝑞1
𝑞2 𝑒

𝑞1
𝑞2 1

=
𝑢1
𝑢2 1

=
0
𝑢2 1

;     
𝑞1
𝑞2 2

=
𝑢2
𝑢3 2

;     
𝑞1
𝑞2 3

=
𝑢3
 3

FE model of a bar with imposed displacement
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𝜀𝑥1 = −
3

𝑙
,
3

𝑙

0
𝑢2 1

= −
3

𝑙
∙ 0+

3

𝑙
∙ 𝑢2 =

6
11𝑙

𝜀𝑥2 = −
3

𝑙
,
3

𝑙

𝑢2
𝑢3 2

= −
3

𝑙
∙ 𝑢2 +

3

𝑙
∙ 𝑢3 =

9
11𝑙

𝜀𝑥3 = −
3

𝑙
,
3

𝑙

𝑢3
 3

= −
3

𝑙
∙ 𝑢3 +

3

𝑙
∙  =

18
11𝑙

𝜎𝑥1 = 𝐸 ∙ 𝜀𝑥1 =
6𝐸
11𝑙

strain in elements:

stress in elements:

𝜎𝑥2 = 𝐸 ∙ 𝜀𝑥2 =
9𝐸
11𝑙

𝜎𝑥3 = 𝐸 ∙ 𝜀𝑥3 =
18𝐸
11𝑙

FE model of a bar with imposed displacement
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DOF solution:

𝑢(𝑥)

0
𝑥1

3
𝑙

2

3
𝑙 𝑙

𝑞2=
2
11 𝑞3 =

5
11



𝜀𝑥(𝑥)

0
𝑥1

3
𝑙

2

3
𝑙 𝑙

𝜀𝑥1=
6
11𝑙 

𝜎𝑥(𝑥)

0
𝑥1

3
𝑙

2

3
𝑙 𝑙



Strain in elements:
𝜀𝑥2=

9
11𝑙

𝜀𝑥3=
18
11𝑙

𝜎𝑥1=
6𝐸
11𝑙

𝜎𝑥2=
9𝐸
11𝑙

𝜎𝑥3=
18𝐸
11𝑙

Stress in elements:

FE model of a bar with imposed displacement
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reactions:

𝑅1 𝑅4

𝐸𝐴

𝑙

9
−9
0
0

−9
15
−6
0

0
−6
9
−3

0
0
−3
3

0
2
11

5
11



=

𝑅1
0
0
𝑅4

𝐸𝐴

𝑙
9 ∙ 0 − 9 ∙

2
11

+ 0 ∙
5
11

+ 0 ∙  = 𝑅1 → 𝑅1 = −
18𝐸𝐴
11𝑙

𝐸𝐴

𝑙
0 ∙ 0 + 0 ∙

2
11

− 3 ∙
5
11

+ 3 ∙  = 𝑅4 → 𝑅4 =
18𝐸𝐴
11𝑙

18𝐸𝐴

11𝑙

18𝐸𝐴

11𝑙

FE model of a bar with imposed displacement
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FE model – 3 bar elements:

1 2 3 4

𝑢1= 0 𝑢2 𝑢3 𝑢4

𝑙1 𝑙2 𝑙3

𝑅1 𝐹
FBD:

𝑞 = 𝑢1, 𝑢2, 𝑢3, 𝑢4
1 × 4

(𝑅1+ 𝐹= 0)𝐹 = 𝑅1, 0,0, 𝐹
1 × 4

FE model of a bar with applied force

𝑥

1

3
𝑙

1

3
𝑙

1

3
𝑙

3𝐴 2𝐴 𝐴

𝐸
𝐹 =

18𝐸𝐴

11𝑙

applied force
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boundary conditions: 𝑢1= 0

𝐸𝐴

𝑙

9
−9
0
0

−9
15
−6
0

0
−6
9
−3

0
0
−3
3

0
𝑢2
𝑢3
𝑢4

=

𝑅1
0
0
𝐹

𝑢2 , 𝑢3 , 𝑢4 - unknown nodal parameters

FE model of a bar with applied force

𝐸𝐴

𝑙

15 −6 0
−6 9 −3
0 −3 3

𝑢2
𝑢3
𝑢4

=

0
0

18𝐸𝐴

11𝑙

15 −6 0
−6 9 −3
0 −3 3

𝑢2
𝑢3
𝑢4

=

0
0
18

11



12

15 −6 0
−6 9 −3
0 −3 3

𝐶𝑇

=  
18 18 18
18 45 45
18 45 99

FE model of a bar with applied force

𝑢2
𝑢3
𝑢4

=
1

162

18 18 18
18 45 45
18 45 99

0
0
18
11

det
15 −6 0
−6 9 −3
0 −3 3

=

= 15 ∙ (9 ∙ 3 − −3 −3) − −6 ∙ −6 ∙ 3 − −3 ∙ 0 = 162
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FE model of a bar with applied force

𝑢2
𝑢3
𝑢4

=
1

162

18 18 18
18 45 45
18 45 99

0
0
18
11

𝑢2 =
1

162
(18 ∙ 0 + 18 ∙ 0 + 18 ∙

18
11
) =

18∙18 
162∙11

=
18∙9∙2 
18∙9∙11

=
2
11

𝑢3 =
1

162
(18 ∙ 0 + 45 ∙ 0 + 45 ∙

18
11
) =

45∙18 
162∙11

=
5∙9∙18 
18∙9∙11

=
5
11

𝑢4 =
1

162
(18 ∙ 0 + 45 ∙ 0 + 99 ∙

18
11
) =

99∙18 
162∙11

=
11∙9∙18 
18∙9∙11

=
11
11

= 
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imposed displacement

𝑥

1

3
𝑙

1

3
𝑙

1

3
𝑙

3𝐴 2𝐴 𝐴

𝐸

𝑥

1

3
𝑙

1

3
𝑙

1

3
𝑙

3𝐴 2𝐴 𝐴

𝐸
𝐹 =

18𝐸𝐴

11𝑙

applied force

Two types of load giving the same result:
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Condition number:  𝑐𝑜𝑛𝑑 𝐾 1 – problem well conditioned, (cond) ≫ 1 – ill conditioned

Imposed
displacement

Load type Set of FE equations 𝑁

Force

𝐸𝐴

𝑙

15 −6
−6 9

𝑢2
𝑢3

=
0

3𝐸𝐴

𝑙


𝐸𝐴

𝑙

15 −6 0
−6 9 −3
0 −3 3

𝑢2
𝑢3
𝑢4

=

0
0

18𝐸𝐴

11𝑙



𝐹= 
18𝐸𝐴
11𝑙

2

3

𝑐𝑜𝑛𝑑
15 −6
−6 9

= 3.82

𝑐𝑜𝑛𝑑
15 −6 0
−6 9 −3
0 −3 3

= 16.4

𝑐𝑜𝑛𝑑 𝐾 = 𝐾 ∞ ∙ 𝐾−1
∞

Comparison between imposed displacement and force
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